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Abstract: W e study the asymptotic behavior o f  the maximum degree in the preferential 
attachment tree model with a choice based on both the degree and fitness o f  a vertex. The 
preferential attachment models are natural models for complex networks (like neural 
networks, etc.) and constructed in the follow ing recursive way. To each vertex is assigned a 
parameter that is called a fitness o f  a vertex. W e start from two vertices and an edge between 
them. On each step, w e consider a sample with repetition o f  d vertices, chosen with 
probabilities proportional to their degrees plus some parameter / 3 > - \ .  Then w e add a new  
vertex and draw an edge from it to the vertex from the sample with the highest product o f  
fitness and degree. W e prove that the maximum degree, dependent on parameters o f  the 
model, could exhibit three types o f  asymptotic behavior: sublinear, linear, and o f  n / ln  n 
order, where n is the number o f  edges in the graph.
Keyword: complex networks, random graphs, preferential attachment, power o f  choice, 
fitness.

1. Introduction
The complex networks appear in numerous applications whose study 

requires analysis of big data (see, e.g. [1]). It is usually used to describe the 
structure of the internet and various social and communication networks (see, 
e.g. [2]). The other important application is different neural networks (see, e.g. 
[3]). It also could be used to model different nano-objects (see, e.g. [4, 5]). One 
of the properties of such a structure is that it could consist of nodes which have 
different properties that affects the development of the network. One of the basic 
models for a complex network is the preferential attachment model. To take into 
account the different properties of the nodes, one could introduce fitness into the 
model. It is also possible to add additional decision-making aspects to the model 
through the addition of choice. The standard preferential attachment graph 
model was introduced in [6]. The preferential attachment graph is constructed in 
the following way. First, we start with some initial graph G1, usually, for 
simplification purposes, it consists of two vertices and an edge between them. 
Then on each step we add a new vertex and draw an edge from it to an already 
existing vertex chosen by some rule. For the standard preferential attachment 
model, the rule is that we choose a vertex with a probability proportional to its 
degree. Usually one considers the rule where we choose a vertex with 
probability proportional to its degree plus some parameter (3>-1  (see, e.g. [7, 
8]). Such a model was widely studied (see, e.g., [9], section 8) and different 
modifications have been introduced.
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In the present work, we study the combination of two mentioned above 
modifications of this model. One of the modifications is the introduction of the 
fitness to the model (see, e.g., [10]). Fitness is a parameter that assigns to each 
vertex and affects its probability to be chosen at each step. The other 
modification is the introduction of a choice to the model (see, e.g., [11,12,13]). 
In this modification, we consider the sample of d independently chosen vertices 
and then choose one of them by some rule. Two types of rules have been 
considered: the degree base rule (see, e.g., [14,15]) and the location (or fitness) 
based choice (see, e.g., [16,17]). In the present work, we consider choice based 
on both degree and fitness.

Let us introduce our model. Fixing (3>-1 and d e N, d > 1, we consider a 
sequence of graphs Gn build recursively as following. We start with the initial 
graph Gj that consists of a two vertex v0, v1 and an edge between them. Graph 
Gn+1 is built from Gn by adding a new vertex vn+1 and drawing an edge from it to 
the vertex of Gn, chosen by following rule. We first consider a sample of d 
vertices of Gn chosen independently from each other with probabilities 
proportional to their degrees plus parameter (  (we would refer to the degree of 
vertex plus (  as its weight). Then we choose vertex among them that maximize 
function W(v, п):=Я degG v , where Я is the fitness of v:.. We consider case when
Я are i.i.d. random variables that take two values, 1 and я > 1 with non-zero 
probabilities. For simplification we also suggest that я is not rational. So W(v, n) 
would not take the same value on vertices with different fitness.

Let us formulate our main result. Let M(n) be the maximum degree of 
vertices of Gn.
Theorem 1. In the defined model,

1. If  d < 2 + p  than for any e > 0

P \fn > n0 : n2+̂  < M(n) < n ^  да,

2. If  d = 2 + ( ,  then almost surely
. - M ( n ) ln n 2d

lim in f — — ----- > -
n (d -  1)Я

M  (n)ln n 2 dlim sup---------- < -----
n d -1

3. If d > 2 + ( ,  then almost surely

liminf M M  > Я ,
n̂ x n Я

M  ( n) *limsup------ < x ,
n̂ -да n
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where x* is a unique positive root of equation 1 -
2 + p

= x .

The result is similar to the Theorem 1.1 of [15] and shows that the 
addition of fitness to the choice from the sample does not affect the type of 
asymptotic of the maximal degree. Let us provide an outline of the proof. For 
each case, the lower and the upper bound is proven separately. The general idea 
is that we obtain either a lower or upper bound for the conditional probability to 
increase M(n) (or its modification for the lower bound) as a function of M(n). 
Then we study the properties of this function to get an estimate for M(n). One of 
the key factors is the coefficient of the first term of the expansion by degrees of 
M (n)/n , which equals to d/ (2 + p ) . In case d < 2+ p  we would analyze the
fraction M (n+1)/M(n) to prove sublinear behavior of M(n). In case d = 2 + p  we 
would construct additional expressions to outline the second term of the 
expansion to get n/ln n bounds and for d > 2+ p , we would use a stochastic 
approximation to get linear estimates.

Let us give a short description of the stochastic approximation approach 
(see, e.g., [18,19] for more details). Process Z  (n) is a stochastic approximation 
process if it could be written as:

Z (n +1) -  Z (n) = y  (F  (Z (n)) + En + Rn ) ,

where yn, En and Rn satisfy the following condition. yn is not random and

d

да даXУп >да , Z (Уп )2 <да, usually one puts yn =  1/ n or yn = 1/(n +1). The term En is
П=1 /7 = 1

^„-measurable where Tn is the natural filtration of Z(ri), E(En | JF) = 0 and 
E((£() )21 Tn)<c  for some fixed constant c. We consider

En = - ( Z ( n  + \)-¥i(Z(n + \)\Jrn)) and therefore the function F(x) could be found
Yn

from representation 1&(Z(n+\)-Z(n)\Jrn) = yn(F(Z(n)) + Rn)  where Rn is a small
да

error term that satisfies Z Уп | Rn |< да almost surely. If  these conditions hold (they
n=1

could be easily checked in our case) then Z (n) converges to the zero set of F (x). 
In case when there is more than one eligible (nonnegative) root of F(x) we 
would also prove non-convergence to one of the roots.

The other argument we would use is the persistent hub type of argument 
(see, e.g., [20] and Proposition 1.2 in [15]). This argument is based on the 
following urn model property. If we have random walk (x(n), y(n)) that takes

steps up and right with probabilities x (n) + p  
x(n) + y  (n) + 2p

and — y(n) + P----  (it also
x(n) + y  (n) + 2p

represents the evolution of the urn with x(n) white and y(n) black balls in urn
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model, see e.g. Theorem 3.2 in [21] or Section 4.2 in [22]) then it converges in 
distribution to continuous Beta-distributions and hence one of the variables x(n), 
y(n) would exceed the other after some random moment. Also, if such process 
starts at point (1,a), then probability that x(n) exceeds y(n) at some moment 
would decay exponentially with a . Hence, to prove the existence of the 
persistence hub it is enough to show that the pair (degG v , degGVj) dominates
urn model in a sense that it has a higher conditional probability to increase the 
degree of a vertex with a higher degree. We would use such an argument 
separately for different fitness.

2. Lower bounds
To prove the lower bound we separately consider maximum degrees 

among vertices with different fitness and estimate dynamics of the product of 
fitness and degree. Let M 1 (n) be the maximum degree among vertices with
fitness 1 in Gn, M  (n) be the maximum degree among vertices with fitness X in 
Gn. Let F (k , n) be the total weight of vertices with fitness 1 with degrees more 
than k in Gn, Fx (k , n) be the total weight of vertices with fitness X with degrees 
more than k in Gn. Let L (k , n) and Lx (k , n) be the number of vertices in Gn with 
degree k and fitness 1 and X correspondingly. Consider functions:

f  \ d  f  \ d

v
fn ( ̂  У) :=

d -
g n (^  У) := Z

1 - У
(2 + P) n

Г

k =0

1 - У

V ( 2+P) n

1 -

1 -

x +  y
(2 + 0 )  П

x  +  У
( 2 + 0) n

J
x d -1 - kk

Note that fn (x, y  ) =
( 2 + 0 )

-g„ (x, y ) and both functions are decreasing with

y when x,y >0, x+y <(2 + 0 )n . Also, fn(x,y ) is increasing with x while 
gn (x, y ) is decreasing with x , and hence X f n (x ,y ) > f n (Xx, ).

Then:

е (м а(й+1)-м д « ) |^ )= /„ ( ( м д й)+/?)хД м д й) ,й) ,^ (1 м д й),й)).

Note that either F1 (XMx (n), n) (if M1 (n) < XMx (n)) or Fx (M x (n) / X, n) (if 
M (n()>XMx(n)) equals to 0. Moreover, if Fx(M1 (n) / X,n) ^ 0 there is a vertex 
with fitness 1 and a degree of at least XMx (n). Let us define the process

X n := max i M l (n) ,XM x (n ) j . Note that M  ( n) > .
X
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Then:

>

Е(Х„, - х .\  Г. ) г  1 {V , W  >М, (я)/ Я]Xf„ (М, (я)+/?,0)
+1 {М, (я) < М, (и) / 2} /„ (М, (я) + /?,0)

1 {Мл( я )>  М, (n) / 1} /„(Л( М я( n)+ fi) ,0) +1 {Мл( n )<  M, (я) /1 }  / , ( M, (я )+ fi,0 )

> f (X  + f i 0 ) = ( П  &  (^ + f i °  > * ( 2 ^  *  (n  , 0 ) - П

Hence

Е X,п+1 Т
Y  ' ”V У

- 1+7 Т Г г Г « " Х .° ) - ^ Г -(2 + у5)и иХи

xNote that gn (xn ,0 ) ^  d if — ^  0. Also, П
k=1

1 + d
( 2 + fi) k

is of order n2+fi.

dLet  ̂ < 1 (the argumentation in this case is similar to the case a+ y <  1 in

[23]). Then, for any s  on the event К  < n«  \ Xn would grow faster than

dn

n2+fi
-s /2

and hence for any n0 e N with high probability at some time n > n0 Xn

would exceed ,2+P . Also, due to standard large deviation estimates, if

X „  > (1  - 5 ) then probability that process Xn, n > n0 would cross a line

(1 -  25) n2+fi before it crosses a line n2+fi
d

does not exceed ce ^  for some
X

c = c (5). Therefore ( fo r ------< 1) with high probability liminf — > 1
2 + fi ,2+P

d

d s

d

d dd

d XSimilarly, f o r ------> 1 with high probability liminf —- > 0. Also, we get
2 + fi n

that

Щ х м - х „ \^)= /„(x„,o)+o

X
Hence, if we define Zn = — , we would get that

n

11 
n J

1 1 (B(Z(» + l ) - Z ( n ) |^ ) < — ( E ( X „ , - X J ^ ) - Z,,) = —  f ( Z „ ) - Z „ + 0
Yl \  1 /7 +  11

1
n JJ

where f  (x ) = 1 -(1 -  x )d.
Note that if d > 2+ fi then due to concavity of f  (x ) equation f  (x) -  x = 0 

has two roots in [0,2 + fi] (0 and a positive root x*). Since Zn does not converge
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to 0, by stochastic approximation we get that limsup Zn > x* almost surely, which 

gives us the lower bound for d > 2+ (3.

3. Upper bounds
To prove the upper bounds, we first study dynamic of pairs (degG vt , 

degG Vj) separately for vertices of fitness 1 and X to prove the existence of
persistence hub among vertices of each fitness. Then we would use it to remove 
terms Lj (M x (n), n) and lx (M x (n), n) and get upper bounds for the increment of
the maximum degree and prove upper bounds.

For any vertex vt with fitness 1 we get for n > i

E (degG„+1(V- ) - degG„(v;) | ^ )  =

_ f n ((degG,, (V, ) + ( ) L1 (degGn (Vi ) , n) , F1 (degGn (Vi ) , n) + FX (degGn (Vi ) / X n)) _

L1 ( degG„ (Vi ) , n )

= gn ((degGn (V ) + ( ) A (degGn (V ) , n), F  (degg, (V ),n) + FX (degGn (Vi ) / X  n)) ,

and for any vertex vx with fitness X we get for n > i :

E (degG„+1 (h ) -  degG„ (h ) I Fn) =

_ f n (( degG„ (V, ) + ( ) LX ( deg G, (V ) , n ) , F1 (^ deg Gn (h ) , n ) + FX ( degG„ (V, ) , n )) _

Lx( degGn ( Vi ) , П )

= gn (( deg Gn (Vi ) + ( ) LX ( deg Gn (Vi ) , П) , F1 (X deg Gn (Vi ) , П) + FX ( deg X„ (X, ), n )) .

For vertices vx and Vj with the same fitness let us estimate the probability 
to draw an edge to vx conditioned on the event that edge is drawn to one of them. 
Let degG у > degG vy (if vertices have the same degree the probability is 1/2). 
Note that g (x, y ) is decreasing with y and x+y . Also, for vertices with fitness 1 
we get that:

F ( degGn (V, ) , П ) + FxX deg Gn (V, ) / X, 1  F ( degGn (Vj ), П ) + 1l( deg Gn (Vj ) / X П ) ,

F1 (degGn (Vi ) , П) + FX (degGn (Vi ) / X, П) + (degGn (~Vi ) + ( ) LX (degGn (Vi ) , П)

^ F  (degGn (Vj ) , П) + FX (degG, (Vi ) / X, П) + (degG, (Vj ) + ( ) LX (degG, (Vj ) , П) .
Therefore

p (degG„+1 (h ) - degG„ (h ) = 11 ?»degG„+1 ( f ) - degG„ (v<) + degG„+1 (v, ) - degG„ (vj ) = f)
deg Gn (Vi ) + (>

degG„ ( Vi ) + degG„ (Vj ) + 2 (
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Hence, after some random time N both L1 (M x (n), n) and Lx (M x (n), n)
would be equal to 1.

Therefore, for n > N  we would get
Е (А /1( л + 1 ) - Л / , ( л ) |.Г „ )  =  / , ( ( Л / | ( л ) + / ? ) , ^ ( Л / | ( л ) / Л , л ) ) < / 1((Л /1( л ) +  /? ) ,о) ,

Recall that if d > 2 -  f i , then equation f  (x) -  x = 0 has two roots in [0,2 -  fi]
(0 and a positive root x*), and if d < 2- f i , then 0 is the only root in [0,2 + fi].

Let us define Z (n) := M  (n )/ n . Then
1 1 (  (  1 ' 4 

E (Z (« + l) -Z (« ) |^ )< — (/„(M„+/»)-Z„) = —  f ( Z „ ) - Z „ + 0
/7 +  1 /7 +  1 у

For d < 2 - f i  by stochastic approximation, we get limsup Zn = 0 almost 

surely. For d > 2 - f i  by stochastic approximation, we get that limsupZn < x*
n ̂ r o

almost surely, which gives us an upper bound for d > 2 -  f i .
Now consider the case d < 2 -  f i . Similarly to the lower bound, we get that

n ) )

$ E M { n + l ) \ r ] l U  ^ И ” ) + А ° )  1 , 8 И " ) ^ 0) Г 1 |  d  $
M ( n )  nJ M(n)  (2  + p)n  (2  + 0 )n

where in the last inequality we used that g (x,0)< d for x > 0. Hence, as in the

lower bound argument, we get that for any s > 0 limsup M (  n) = 0, which gives us
n 2+fi

the upper bound for d < 2 -  f i .
To get the upper bound for the case d = 2- f i , for c > 0 consider variables

U  := ne M  (n)

We get that

V ,M
\

= И +  1Е
 ̂ n  ̂ n+1 \

f i + ‘ l
 ̂ cn[M{n+\)-M{n)^ c \

E T ^ M(n) M(n+1) T — E M(n)M(n+1) M(n+1) Tn
) n

V
n

) l  n )
V

n

J

i  - 11V n )
E

, cn(M ( n - 1) - M (n ) )  | o

V
f

1 - 1 ] E
V n)

V

M ( n  + 1) M ( n ) M ( n  + \)

j ____c | c n ( M ( n  + \ ) - M ( n ) )  | g

M ( n ) ( M  ( n ) )

M  (n - 1 )

Л2 c
-

2

n

( M  ( n - 1 ) )
T

\ 2  Л

M  ( n )
-

n

( M  ( n ) )
T

n
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+1 1
n

г

V
M  ( n )

Г ___ С | Cg„ ( М (n) + 0,0) ( 1

+
сгШ(м(п + \)-М (п^Тп)

(м ( п ) ) 2

(  1 Л
+ о „,3/2V n

< 1 + -
п М  ( п) ( 2 + 0) М  ( п )

Note that gn (—,0) = d - d( d—1 + o

- + o 3/2n j

2 (2 + 0) n
when — ^  0. Hence if 

nV n
2 + 0 = d we get

E U,n+ 1 < l + - - ^ +
n M  ( n ) ( 2 + 0) M  ( n )

d (d - 1) M (n) 
d ---------- ----- 4 ; + o

2 (2 + 0) n
f M  ( n )л 2ЛЛ

V 2 J
+o

JJ

(1  Л

V n

1 c (d - 1) 1 +-------------
n 2dn

+ o
V n J

2dHence, if c > ----- then Un is supermartingale, and by Doob's theorem
d -1

there is a random variable R , such that sup Un < R almost surely. Hence for all
n

(large enough) n

M  ( n )<

almost surely. Therefore

cn
ln n -  ln R

. ln nM ( n ) 2dliminf-------^  < -----
d -1

almost surely.

4. Lower bound for d = 2+p.
Let now prove lower bound for d = 2+0.  The argument is similar to the 

argument for the upper bound. Recall that X n = max {Mj (n), XMx (n)}.
For dj  (2 + 0) = 1 and c > 0 let consider

Y := e Xn / n .
Note that

f
E Кn+ 1

V 7»
T

\  f
n E

J n +1

n+ 1 nc--------- c—. Х^Л Хи

V

т
n +1

-E
C cn{X„^-X„) ^

T,X „ +1 X „ x m ,

n
n +1

■E u  c c n (x n+l- x n) ( f  Л2 /

X,n+1 X X +1
+ O

Xn+1 J
+

n
X  2

V ^  n+1 J
я
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n
п + 1

■Е
t |  с с п ( Х п+1- Х „ )

Х„ X2
+ O

с . \ ^ n ^

X  J  Ч  Х у

2 4

+ Т

n
n +1

' с cnB(X„t ,-X „ \F „ )  

,  Х„ X :

Г л \
+ о 3/2

Vn J

< n
n +1

1+ ^ _ cg4 X n i0 )  
X  (2 +f i ) x„

Recall that gn (x,0) = d  -  d (d _ ] l — X — 
” v } 2 ( 2 + p )  n

(  1 Л

V
+ o

+ o

3/2
Vn J

when -  ^  0. Hence, if
n J n

2+P = d , we get

E n+1

V 7» n X n X nK 

2d

2 dn
+ o

f x ^

V n J)
+o (1 /n  ) = 1 - -  + 1 1  + o (1 /n  ) .

n 2dn

Hence, if c < -------then Yn is supermartingale, by Doob's theorem there is a
d  - 1

random variable R , such that sup Yn < R almost surely. Hence for all n
n

cn

almost surely. Therefore 

almost surely.

X« X  , p ln n + ln R

l im in f lHn i  > 2 L
n d  - 1

5. Conclusion
In the present paper, we considered a generalization of the linear 

preferential attachment model by adding a choice that is based on both degree 
and fitness of the vertices in the sample. The generalization provides a two-step 
process of building a preferential attachment graph, at first, we create a sample 
of vertices, and then we choose a vertex from that sample. Such a division is 
natural in terms of representing a decision-making process, when one considers 
few options and then makes a final decision. Based on the parameters of the 
model, we proved three types of asymptotic behavior of the maximum degree of 
the graph. The first is sublinear behavior when all nodes accumulate connection 
to other vertices over time with similar rates that in long terms vary only by a 
constant multiplier. The other is the linear behavior, when we have a 
concentration, i.e. one node accumulates the fraction of all edges so its degree 
behavior significantly differs from the behavior of other nodes. We also show a 
transition between these two behaviors. Such effects could be seen in numerous 
real networks such as neural networks, the internet, social and consumer 
networks, election models, and others.
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Оригинальная статья
ПРЕДПОЧТИТЕЛЬНОЕ ПРИСОЕДИНЕНИЕ С ВЫБОРОМ, ЗАВИСЯЩИМ ОТ

ПРИГОДНОСТИ
Ю.А. Малышкин

ФГБОУ ВО «Тверской государственный университет»
170002, Россия, Тверь, Садовый пер., 35

DOI: 10.26456/pcascnn/2021.13.483 
Аннотация. Исследуется асимптотическое поведение максимальной степени вершины в графе 
предпочтительного присоединения с выбором вершины, основанном как на ее степени, так и на 
дополнительном параметре (пригодности). Модели предпочтительного присоединения широко 
используются для моделирования сложных сетей (таких как нейронные сети и т.д.). Они 
строятся следующим образом. Мы начинаем с двух вершин и ребра между ними. Затем на 
каждом шаге мы рассматриваем выборку из уже существующих вершин, выбранных с 
вероятностями, пропорциональными их степеням плюс некоторый параметр (3>—1. Затем мы 
добавляем новую вершину и соединяем ее ребром с вершиной из выборки, на которой 
достигается максимум произведения ее степени на ее пригодность. Мы доказали, что в 
зависимости от параметров модели возможны три типа поведения максимальной степени 
вершины -  сублинейное, линейное и порядка n / l n n , где n -  число вершин в графе.
Ключевые слова: сложные сети, случайные графы, предпочтительное присоединение, 
случайный выбор, пригодность.
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